Unextendible product bases have been shown to have many important uses in quantum information theory, particularly in the qubit case. However, very little is known about their mathematical structure beyond three qubits. We present several new results about qubit unextendible product bases, including a complete characterization of all four-qubit unextendible product bases, which we show there are exactly 1446 of. We also show that there exist p-qubit UPBs of almost all sizes less than 2 p .
Introduction
Unextendible product bases (UPBs) are one of the most useful and versatile objects in the theory of quantum entanglement. While they were originally introduced as a tool for constructing bound entangled states [BDF + 99, DMS + 03], they can also be used to construct indecomposible positive maps [Ter01] and to demonstrate the existence of nonlocality without entanglement-that is, they can not be perfectly distinguished by local quantum operations and classical communication, even though they contain no entanglement. Furthermore, in the qubit case (i.e., the case where each local space has dimension 2), unextendible product bases can be used to construct tight Bell inequalities with no quantum violation [AFK + 12, ASH + 11] and subspaces of small dimension that are locally indistinguishable [DXY10] .
Despite their many uses, very little is known about the mathematical structure of unextendible product bases. For example, UPBs have only been completely characterized in C 2 ⊗ C n (where all UPBs are trivial in the sense that they span the entire space [ (where there is only one nontrivial UPB up to local operations [Bra04] ). The goal of the present paper is to thoroughly investigate the structure of qubit unextendible product bases (i.e., UPBs in (C 2 ) ⊗p for some p ∈ N). Our first contribution is to completely characterize all unextendible product bases on four qubits. Unlike the three qubit case, where all nontrivial UPBs are essentially the same Email address: nathaniel.johnston@uwaterloo.ca (Nathaniel Johnston) (in the sense that they all have the same orthogonality graph), we show that nontrivial UPBs on four qubits can have one of exactly 1446 different orthogonality graphs, and hence the set of qubit UPBs quickly becomes very complicated as the number of qubits increases.
We also consider UPBs on larger numbers of qubits. In particular, we address the question of how many states a p-qubit UPB can have. The minimum number of states in such a UPB is known to always be between p + 1 and p + 4 inclusive [Joh13] , and the results of [CvÐ13] immediately imply that the maximum number of states is 2 p − 4 (or 2 p if we allow trivial UPBs that span the entire 2 p -dimensional space). However, very little has been known about what intermediate sizes can be attained as the cardinality of some p-qubit UPB.
Surprisingly, we show that there are intermediate sizes that are not attainable as the cardinality of any p-qubit UPB (contrast this with the case of non-orthogonal UPBs, which exist of any size from p + 1 to 2 p inclusive [Bha06] ). However, we show that these cases are rare in the sense that, as p → ∞, the proportion of intermediate sizes that are attainable by some p-qubit UPB goes to 1. Furthermore, we show that all unattainable sizes are very close to either the minimal or maximal size, and we provide examples to demonstrate that both of these cases are possible.
The paper is organized as follows. In Section 2 we introduce some basic facts about UPBs that will be of use for us, and present the mathematical tools that we will use to prove our results. We then describe our characterization of four qubit UPBs in Section 3, which was found via computer search (described in Appendix A). We also discuss some new UPBs on five and six qubits that were found via the same computer search in Section 4. Finally, we consider the many-qubit case in Section 5, where we show that there exist qubit UPBs of most (but not all) sizes between the minimal and maximal size.
Preliminaries
A p-qubit pure quantum state is represented by a unit vector |v ∈ (C 2 ) ⊗p , which is called a product state if it can be decomposed in the following form:
The standard basis of C 2 is {|0 , |1 } and we use {|a , |a }, {|b , |b }, {|c , |c }, . . . to denote orthonormal bases of C 2 that are different from {|0 , |1 } and from each other (i.e., |a = |0 , |1 , |b , |b , |c , |c , and so on). We also will sometimes find it useful to omit the tensor product symbol when discussing multi-qubit states. For example, we use |0a11a as a shorthand way to write |0 ⊗ |a ⊗ |1 ⊗ |1 ⊗ |a .
A p-qubit unextendible product basis (UPB) [BDM + 99, DMS + 03] is a set S ⊆ (C 2 ) ⊗p satisfying the following three properties:
(a) every |v ∈ S is a product state;
(b) v|w = 0 for all |v = |w ∈ S; and (c) for all product states |z / ∈ S, there exists |v ∈ S such that v|z = 0.
That is, a UPB is a set of mutually orthogonal product states such that there is no product state orthogonal to every member of the set. To be explicit, when we refer to the "size" of a UPB, we mean the number of states in the set. We now present a result that shows how to use known UPBs to construct larger UPBs on more qubits. This result is well-known and follows easily from [Fen06, Lemma 2.3], but we make repeated use of it and thus prove it explicitly. Proposition 1. Let p ∈ N. If there exist p-qubit UPBs S 1 and S 2 with |S 1 | = s 1 and |S 2 | = s 2 then there exists a (p + 1)-qubit UPB S with |S| = s 1 + s 2 .
Proof. If we write S 1 = {|v 1 , . . . , |v s 1 } and S 2 = {|w 1 , . . . , |w s 2 } then it is straightforward to see that the set
satisfies properties (a) and (b) of a UPB. We prove that it also satisfies property (c) by contradiction: suppose that there were a product state |z ∈ (C 2 ) ⊗(p+1) such that v|z = 0 for all |v ∈ S. If we write |z = |z 1...p ⊗ |z p+1 for some product state |z 1...p ∈ (C 2 ) ⊗p and |z p+1 ∈ C 2 then we have v j |z 1...p 0|z p+1 = 0 for all 1 ≤ j ≤ s 1 . Unextendibility of S 1 implies that 0|z p+1 = 0. However, a similar argument using unextendibility of S 2 shows that 1|z p+1 = 0, which implies that |z p+1 = 0, which is the contradiction that completes the proof.
Orthogonality Graphs
One tool that we find helps to visualize UPBs and simplify proofs is an orthogonality graph. Given a set of product states S = {|v 1 , . . . , |v s } ⊆ (C 2 ) ⊗p with |S| = s, the orthogonality graph of S is the graph on s vertices V := {v 1 , . . . , v s } such that there is an edge (v i , v j ) of color ℓ if and only if |v i and |v j are orthogonal to each other on qubit ℓ. Rather than actually using p colors to color the edges of the orthogonality graph, for ease of visualization we instead draw p different graphs on the same set of vertices-one for each qubit (see Figure 1) .
The requirement (b) that the members of a UPB are mutually orthogonal is equivalent to requiring that every edge is present on at least one qubit in its orthogonality graph (in other words, the orthogonality graph is an edge coloring of the complete graph). The unextendibility condition (c) is more difficult to check, so we first need to make some additional observations. In particular, it is important to notice that if |z 1 , |z 2 , |z 3 ∈ C 2 satisfy z 1 |z 2 = z 1 |z 3 = 0, then it is necessarily the case that |z 2 = |z 3 (up to an irrelevant scalar multiple). There are two important consequences of this observation:
1. The orthogonality graph associated with any individual qubit in a product basis of (C 2 ) ⊗p is the disjoint union of complete bipartite graphs. For example, the orthogonality graph of the first qubit in Figure 1 is the disjoint union of K 2,1 and two copies of K 1,1 , the orthogonality graph of the second qubit is the disjoint union of K 4,1 and K 1,1 , and the orthogonality graph of the third qubit is the disjoint union of K 3,2 and K 1,1 . 3
Figure 1: The orthogonality graph of a set of 7 product states in (C 2 ) ⊗3 . The left graph indicates that state |v 1 is orthogonal to |v 2 and |v 7 on the first qubit, |v 3 is orthogonal to |v 5 on the first qubit, and |v 4 is orthogonal to |v 6 on the first qubit (and the middle and right graphs similarly describe the orthogonalities on the second and third qubits). These states do not form a UPB, since (for example) there is no edge between v 2 and v 3 in any of the graphs, so the states |v 2 and |v 3 are not orthogonal.
2. We can determine whether or not a set of qubit product states forms a UPB entirely from its orthogonality graph (a fact that is not true when the local dimensions are larger than 2 [DMS + 03]). For this reason, we consider two qubit UPBs to be equivalent if they have the same orthogonality graphs up to permuting the qubits and relabeling the vertices (alternatively, we consider two qubit UPBs to be equivalent if we can permute qubits and change each basis of C 2 used in the construction of one of the UPBs to get the other UPB).
Following [Joh13] , we sometimes draw orthogonality graphs in a form that makes their decomposition in terms of complete bipartite graphs more transparent-we draw shaded regions indicating which states are equal to each other (up to scalar multiple) on the given qubit, and lines between shaded regions indicate that all states in one of the regions are orthogonal to all states in the other region on that qubit (see Figure 2) .
Figure 2: A representation of the same orthogonality graph as that of Figure 1 . Vertices within the same shaded region represent states that are equal to each other on that qubit. Lines between shaded regions indicate that every state within one of the regions is orthogonal to every state within the other region on that qubit.
UPBs on Three or Fewer Qubits
We now review what is known about UPBs in the space (C 2 ) ⊗p when 1 ≤ p ≤ 3. It is well-known that there are no nontrivial qubit UPBs when p ≤ 2 [BDM + 99], so the first case of interest is when p = 3. In this case, the Shifts UPB [BDM + 99] provides one of the oldest examples of a nontrivial UPB and consists of the following four states:
where
More interesting is the fact that Shifts is essentially the only nontrivial 3-qubit UPB in the sense that every UPB in (C 2 ) ⊗3 either spans the entire 8-dimensional space or is equal to Shifts up to permuting the qubits and changing the bases used on each qubit [Bra04] (i.e., replacing the basis {|0 , |1 } with another basis {|a , |a } on any or all qubits, and similarly replacing {|+ , |− } by another basis {|b , |b } on any or all qubits). In other words, all nontrivial UPBs on 3 qubits have the same othogonality graph, depicted in Figure 3 . 
Minimum and Maximum Size
One of the first questions asked about unextendible product bases was what their possible sizes are. While a full answer to this question is still out of reach, the minimum and maximum size of qubit UPBs is now known. It was shown in [Joh13] that if we define a function f : N → N by
then the smallest p-qubit UPB has size f (p).
At the other end of the spectrum, it is straightforward to see that the maximum size of a p-qubit UPB is 2 p , since the standard basis forms a UPB. However, UPBs that span the entire 2 p -dimensional space are typically not considered to be particularly interesting, so it is natural to instead ask for the maximum size of a nontrivial UPB (i.e. one whose size is strictly less than 2 p ). It is straightforward to use the Shifts UPB together with induction and Proposition 1 to show that there exists a nontrivial p-qubit UPB of size 2 p − 4 for all p ≥ 3. The following proposition, which is likely known, shows that this is always the largest nontrivial UPB.
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Proof. Given a UPB {|v 1 , . . . , |v s } ⊂ (C 2 ) ⊗p , we can construct the (unnormalized) p-qubit mixed quantum state ρ := I − s i=1 |v i v i |, which has rank 2 p − s and has positive partial transpose across any partition of the qubits. Furthermore, ρ is entangled by the range criterion [Hor97] . If s = 2 p − 1 then rank(ρ) = 1, and it is well-known that pure states with positive partial transpose are necessarily separable, which is a contradiction that shows that no UPB of size s = 2 p − 1 exists. Similarly, it was shown in that [CvÐ13] that every multipartite state of rank 2 or 3 with positive partial transpose is separable, which shows that no UPB of size s = 2 p − 2 or s = 2 p − 3 exists.
Four-Qubit UPBs
This section is devoted to describing all of the nontrivial UPBs in (C 2 ) ⊗p when p = 4. Unlike in the p = 3 case, which we saw earlier admits a very simple characterization in terms of the Shifts UPB, there are many different four-qubit UPBs. More specifically, we will see here that there are exactly 1446 inequivalent nontrivial four-qubit UPBs, 1137 of which arise from combining two 3-qubit UPBs via Proposition 1 and 309 of which are not decomposable in this way. Note that all 4-qubit UPBs with at most two bases per qubit were found in [SFA + 13], however this is the first characterization of all 4-qubit UPBs (including those with three or more bases per qubit).
The process of finding these 4-qubit UPBs (steps 1 and 2 in Appendix A) as well as the process of characterizing these UPBs and determining that they are inequivalent (step 3 in Appendix A) were both done via computer search. It is generally not straightforward to see that a given UPB is indeed unextendible, and it also does not seem to be easy to determine whether or not two given UPBs are equivalent.
Rather than trying to prove that these UPBs are indeed unextendible or are inequivalent as we claim, here we focus instead on summarizing the results, categorizing them as efficiently as possible, and explaining where already-known UPBs fit into this characterization. We sort the different four-qubit UPBs by their size, starting with the minimal 6-state UPB and working our way up to the maximal (nontrivial) 12-state UPBs. For a succinct summary of these results, see Table 1 . An explicit list of all 1446 inequivalent four-qubit UPBs is available for download from [Joh14c] .
Four-Qubit UPBs of 6 States
It was already known that there exists a 6-state UPB on 4 qubits, and that this is the minimum size possible [Fen06] :
Our computer search showed that this 6-state UPB is essentially unique-all other UPBs in this case are equivalent to it. 
Four-Qubit UPBs of 7 States
A 7-state UPB on 4 qubits was found via computer search in [AFK + 12]:
Once again, our computer search showed that this UPB is essentially unique in the sense that all other 7-state UPBs on 4 qubits are equivalent to it.
Four-Qubit UPBs of 8 States
This case is much less trivial than the previous two cases. First, note that we can use Proposition 1 to construct an 8-state UPB via two copies of the 3-qubit Shifts UPB. In fact, there are many slightly different ways to do this, since we are free to let the bases used in one of the copies of Shifts be the same or different from any of the bases used in the other copy of Shifts. For example, we can consider the following two UPBs:
It is straightforward to see that UPB 1 and UPB 2 are inequivalent, since they have different orthogonality graphs. However, they both can be seen as arising from Proposition 1: UPB 1 arises from following the construction given in its proof exactly, while UPB 2 arises from replacing {|+ , |− } by {|a , |a } on one copy of Shifts before following the construction. Our computer search found that there are exactly 89 inequivalent UPBs that arise from two copies of Shifts and Proposition 1 in this manner.
Furthermore, there are also 55 inequivalent UPBs in this case that are really "new"-they can not be constructed via Proposition 1 in any way. One of these 55 UPBs was found in [AFK + 12]:
|0000 , |1aaa , |aa1a , |a1ab , |0aa1 , |1aaa , |a1aa , |aa1b , and several more were found in [SFA + 13]. This gives a total of 144 inequivalent 8-state UPBs on 4 qubits. We note that some (but not all) of these new UPBs can be constructed via the method given in the proof of the upcoming Theorem 5.
Four-Qubit UPBs of 9 States
Our computer search found that there are exactly 11 inequivalent 4-qubit UPBs in this case, which are presented in their entirety in |0000 , |1aa0 , |aa10 , |a1aa , |0001 , |01a1 , |1a0a , |0011 , |1011 and |0000 , |aa1a , |a1a1 , |a11a , |aaa1 , |1aaa , |10aa , |a10a , |a1a0 , while the other 9 UPBs are new. 7
plus 55 others, such as:
|0000 , |001a , |001a , |01a0 , |1aaa , |10a0 , |111a , |a1aa , |aa01 |0000 , |001a , |001a , |01a0 , |1a1a , |1000 , |1aa1 , |aa01 , |a1aa |0000 , |01aa , |0a1a , |1110 , |1a0a , |10aa , |a01a , |a10a , |aaa1
plus 79 others 11 0 12 1209 1048 are of the form (Shifts ⊗ |0 ) ∪ (B i ⊗ |1 ) for some i (see Table 2) plus 161 others, such as: 
and one more was found in [SFA + 13]. We have found that there are 78 more inequivalent UPBs, for a total of 80.
Four-Qubit UPBs of 11 States
Our computer search showed that there does not exist an 11-state UPB on 4 qubits. This case is interesting for at least two reasons. First, it shows that UPBs are not "continuous" in the sense that there can be nontrivial UPBs of sizes s − 1 and s + 1 in a given space, yet no UPB of size s (we will see in Section 5 that UPBs are also not "continuous" in this sense when the number of qubits is odd and at least 5).
Second, this is currently the only case where it is known that no UPB exists via means other than an explicit (human-readable) proof. This raises the question of whether or not there is a "simple" proof of the fact that there is no 11-state UPB on 4 qubits. More generally, it would be interesting to determine whether or not there exists a p-qubit UPB of size 2 p − 5 when p ≥ 5-we will see in Section 5 that this is the only unsolved case that is near the 2 p − 4 upper bound.
Four-Qubit UPBs of 12 States
The vast majority of 4-qubit UPBs arise in this case. Similar to the 8-state case considered in Section 3.3, we can construct many 12-state UPBs by using Proposition 1 to combine 3-qubit UPBs of size 4 and 8 (i.e., Shifts and a full 3-qubit product basis). However, things are more complicated in this case, as there are 17 inequivalent 3-qubit product bases of size 8 that can be used in Proposition 1.
These 17 product bases as well as the number of inequivalent 12-state 4-qubit UPBs that they give rise to via Proposition 1 are given in Table 2 . For example, there are 5 inequivalent 4-qubit UPBs of the form (Shifts ⊗ |0 ) ∪ (B 1 ⊗ |1 ), where B 1 is the standard basis of (C 2 ) ⊗3 . A total of 1048 inequivalent 4-qubit UPBs can be constructed in this way by using the 17 different 3-qubit product bases.
Furthermore, there are also 161 inequivalent UPBs in this case that can not be constructed via Proposition 1, for a total of 1209 inequivalent 12-state UPBs on 4 qubits. To the best of our knowledge, only two of these 161 UPBs have been found before [AFK + 12]:
|0000 , |aaa1 , |a11a , |a1ab , |1000 , |a001 , |a10a , |a010 , |a011 , |a11a , |aa1b , |a10a , |0000 , |1aaa , |aa1b , |10ab , |0ab1 , |01bb , |1a0b , |1aaa , |1aab , |1aab , |11ab , |aa1b .
3-qubit product basis
4-qubit UPBs
B 3 := {|000 , |001 , |010 , |011 , |10a , |10a , |11b , |11b } 47
B 5 := {|000 , |001 , |010 , |011 , |1aa , |1aa , |1aa , |1aa } 25
B 7 := {|000 , |001 , |01a , |01a , |100 , |101 , |11a , |11a } 18
B 9 := {|000 , |001 , |01a , |01a , |10a , |10a , |110 , |111 } 13
B 11 := {|000 , |001 , |01a , |01a , |10b , |10b , |11c , |11c } 26 B 12 := {|000 , |001 , |01a , |01a , |10b , |1ab , |11b , |1ab } 143 B 13 := {|000 , |001 , |01a , |01a , |1a0 , |1a1 , |1aa , |1aa } 51 B 14 := {|000 , |001 , |01a , |01a , |1a0 , |1a1 , |1ab , |1ab } 142
B 16 := {|000 , |001 , |01a , |01a , |1ab , |1ab , |1ac , |1ac } 81
Total: 1048 Table 2 : A summary of the 17 inequivalent 3-qubit orthogonal product bases. The table also gives the number of inequivalent 12-state 4-qubit UPBs that these product bases give rise to by being combined with Shifts via Proposition 1.
Five-and Six-Qubit UPBs
In (C 2 ) ⊗5 , the minimum and maximum sizes of UPBs are well-known to be 6 and 28, respectively, but otherwise very little is known. The only UPBs in this case that have appeared in the past that we are aware of are the GenShifts UPB of size 6 [DMS + 03] and the UPBs of sizes 12-26 and 28 that can be created by combining two 4-qubit UPBs via Proposition 1. This leaves UPBs of size 7, 8, 9, 10, 11, and 27 unaccounted for.
Our computer search has shown that there does not exist a 5-qubit UPB of size 7, but there do exist UPBs of size 8, 9, and 10: |00000 , |001aa , |aaa1a , |aaaa1 , |1abbb , |1abcc , |a1cbc , |a1ccb , |00000 , |0aa01 , |0b1a0 , |1abaa , |1bbbb , |aba1a , |a1aab , |aa0b1 , |ab11a and |00000 , |0a001 , |0b1aa , |10abb , |1abbb , |ab1ba , |abb1b , |aba1b , |a1ba0 , |aaaa1 .
In fact, we have completely characterized qubit UPBs of 8 or fewer states (on any number of qubits), which are available for download from [Joh14b] . We have not been able to prove or disprove the existence of 5-qubit UPBs of size 11 or 27, as they are beyond our computational capabilities. We leave them as open problems (see Table 3 ).
The case of 6-qubit UPBs is quite similar, with sizes 9, 10, 11, 13, and 59 unknown. We have found a 6-qubit UPB of 9 states, leaving four cases still unsolved:
Many-Qubit UPBs
We now turn our attention to the construction of UPBs on an arbitrary number of qubits. We already saw that p-qubit UPBs are not "continuous" when p = 4 (where there are UPBs of size 10 and 12, but none of size 11) or p = 5 (where there are UPBs of size 6 and 8, but none of size 7). Our first result shows that the same is true whenever p ≥ 5 is odd.
Proposition 3. If p is odd then there does not exist a UPB in (C
2 ) ⊗p consisting of exactly p + 2 states.
Proof. Suppose for a contradiction that such a UPB exists. We first note that there can not be a set of 3 or more states of the UPB that are equal to each other on a given qubit, or else unextendibility is immediately violated, since we could construct a product state orthogonal to all 3 of those states on that qubit and orthogonal to one other state on each of the other p − 1 qubits, for a total of all 3 + (p − 1) = p + 2 states.
Additionally, since p + 2 is odd, [Joh13, Lemma 2] implies that on every party there is a pair of two states of the UPB that are equal to each other (and furthermore, the number of such pairs must be odd).
We now argue that there must be exactly one such pair on every party. To see this, suppose for a contradiction that there are three or more pairs of states that are equal to each other on some qubit (which we assume without loss of generality is the first qubit). On the second qubit, there is at least one pair of states that are equal to each other, and this pair contains no vertices in common with at least one of the pairs of states that are equal to each other on the first qubit. Thus we can find a product state that is orthogonal to 2 states on the second qubit, 2 more states on the first qubit, and 1 more state on each of the remaining p − 2 qubits, for a total of all 2 + 2 + (p − 2) = p + 2 states. It follows that the UPB is extendible, so in fact there can only be one pair of equal states on each party, as in Figure 4 . However, it then directly follows that the orthogonality graph of each qubit can contain no more than (p + 1)/2 edges, so the orthogonality graph of all p qubits contains no more than p(p + 1)/2 edges. However, in order for the p + 2 states of the UPB to be mutually orthogonal, there would have to be at least (p + 1)(p + 2)/2 > p(p + 1)/2 edges present in the orthogonality graph, so it follows that some of these states are not orthogonal on any qubit and thus do not form a UPB.
We have now seen examples that demonstrate that there are sizes near the minimal size f (p) (defined in Equation (1)) for which no p-qubit UPB exists, and similarly there are sizes near the maximal size 2 p − 4 for which no p-qubit UPB exists (e.g., there is no 4-qubit UPB of size 11 = 2 p − 5). We now show that these are essentially the only possible cases where qubit UPBs do not exist-there exist UPBs of all sizes that are sufficiently far in between the minimal and maximal sizes.
Theorem 4. If p ≥ 7 then there exists a p-qubit UPB of size s whenever
Before proving this result, we note that we actually prove the slightly better lower bound p−1 k=4 f (k). However, these two lower bounds never differ by more than 2 (which is proved in Appendix B), so we prefer the present statement of the result with the lower bound (p 2 + 3p − 30)/2, which is much easier to work with.
Proof. We prove the result via Proposition 1 and induction on p. As indicated above, we actually prove the slightly stronger statement that such a UPB exists whenever
For the base case p = 7, recall from Section 4 that there exist 6-qubit UPBs of sizes 8, 9, 12, 14-58, 60, and 64. It follows from Proposition 1 that there exist 7-qubit UPBs of sizes 16-18, 20-122, 124, and 128. We thus see that there is a 7-qubit UPB of any size from 6 k=4 f (k) = 6 + 6 + 8 = 20 to 2 7 − 6 = 122, as desired. For the inductive step, fix p and define the following four intervals of positive integers:
Assume that there exist p-qubit UPBs of all sizes s ∈ I p 0 and notice that the intervals we have defined satisfy the following relationships:
Equations (2) hint at the remainder of the proof. We can combine a minimal p-qubit UPB of size f (p) with one of the p-qubit UPBs with size in I 
). This inequality can be seen from noting that f (k) ≤ k + 4, so
where we note that the second-to-last inequality can easily be verified by typical methods from calculus. In order to show that I p 2 and I p 3 overlap, we must show that 2 p + p−1 k=4 f (k) ≤ 2 p+1 − 12. Similar to before, this inequality follows straightforwardly:
where the final inequality once again can be verified by straightforward calculus. It follows that
, as desired, which completes the proof. Proof. We note that it suffices to construct a UPB in the case when p + 1 ≤ s ≤ 2p since the case when s ≥ 2p + 1 follows directly from Proposition 1 and induction. For example, when p ≡ 0 (mod 4), we know (by inductive hypothesis) that there are (p − 1)-qubit UPBs of any size in the set {p, p+4, . . . , 2 p−1 −4, 2 p−1 }, and combining these UPBs via Proposition 1 gives p-qubit UPBs of any size in {2p, 2p + 4, . . . , 2 p − 4, 2 p }. The cases when p ≡ 1, 2, 3 (mod 4) are similar.
We now focus on constructing a UPB in the s = 2p case, and we will generalize this construction to smaller values of s later. Define the integer k := s/4. To construct the orthogonality graph of the desired UPB, begin by letting the orthogonality graph on one of the parties be such that every vertex is connected to exactly one other vertex (as in the top graph of Figure 5 ). On each of the remaining parties, have each of these pairs of states be equal to each other.
Since the complete graph on 2k vertices has a 1-factorization [Har69, Theorem 9.1], on each of these remaining p − 1 = 2k − 1 parties we can connect each pair of vertices to exactly one other pair of vertices in such a way that the union of these p orthogonality graphs is the complete graph, so the corresponding product states are mutually orthogonal. The fact that this product basis is also unextendible follows easily from its construction -any product state can be orthogonal to at most 1 state on the first party and at most 2 of the states on each of the remaining p − 1 parties, for a total of 1 + 2(p − 1) = 2p − 1 states. Thus there is no product state orthogonal to all s = 2p members of this product basis.
To generalize this construction to the p + 1 ≤ s < 2p case, we modify some of the last p − 1 parties in the s = 2p construction above by "splitting" one party into two. To "split" 14 a qubit, replace each pair of orthogonal states of the form {|a , |a , |a , |a } with the twoqubit states {|aa , |bb , |ab , |ba } (see Figure 6 ). This procedure is easily-verified to preserve unextendibility and orthogonality, so the resulting set of product states is a UPB. Furthermore, since this procedure keeps s the same but increases the number of parties by 1, and we can split anywhere from 1 up to p − 1 = s/2 − 1 orthogonality graphs in this way, we can construct an unextendible product basis of s states for any number of parties p from s/2 up to s − 1, as desired (see Figure 7) .
Note that Theorem 5 says nothing about the existence or nonexistence of qubit UPBs in the case when p ≡ 1 (mod 4) and s = 2p + 2. The smallest such case is when p = 5 and s = 12, and in fact a UPB does exist in this case, simply by combining two copies of the 4-qubit UPB of size 6. This leaves the p = 9, s = 20 case as the smallest case where the existence of a qubit UPB whose size is a multiple of 4 is unknown. An orthogonality graph of a UPB in the p = 6, s = 8 case of Theorem 5, constructed by "splitting" the bottom-left and bottom-center qubits of the orthogonality graph in Figure 5 . Similarly, splitting only 1 qubit results in the UPB in the p = 5, s = 8 case presented in Section 4, while splitting 3 parties would result in a UPB in the p = 7, s = 8 case.
Conclusions and Outlook
We have investigated the structure of qubit unextendible product bases by completely characterizing them in the 4-qubit case and deriving many new results concerning the (non)existence of qubit UPBs of given sizes. This work has many immediate applications and consequences.
For example, there is a long history of trying to determine the possible ranks of bound entangled states [HSTT03, Cla06, Ha07, KO12, CvÐ13] , however very little is known about this question in the multipartite case. By using the standard method of creating a bound entangled state from a UPB (i.e., if {|v 1 , . . . , |v s } is a UPB then ρ := I − s i=1 |v i v i | is a multiple of a bound entangled state), we can use our results to construct p-qubit bound entangled states of many different ranks. For example, Theorem 4 immediately implies that (for p ≥ 7) there exist p-qubit bound entangled states of every rank from 6 through 2 p − p 2 +3p−30 2 , inclusive. It is also known that some qubit UPBs can be used to construct locally indistinguishable subspaces of the same size [DXY10] . It is unknown whether or not all qubit UPBs span a locally indistinguishable subspace, so it might be the case that the hundreds of new UPBs found in this work contain a counter-example. Alternatively, if it turns out that qubit UPBs do always span a locally indistinguishable subspace, it would follow that there exist such subspaces of all sizes found in this work.
However, some notable open problems about qubit UPBs remain:
1. Does there exist a p-qubit UPB of size 2 p −5 when p ≥ 5? Our computer search showed that the answer is "no" when p = 4, but we still do not know of a simple reason for why this is the case. It is worth noting that if the answer is "yes" for any particular value of p then it must be "yes" for all larger values of p as well, by Proposition 1. Closely related to this question is whether or not there exist p-qubit bound entangled states of rank 5.
2. Does there exist a p-qubit UPB of size 2p + 2 when p ≡ 1 (mod 4)? That is, can we fill in the hole in Theorem 5?
3. What is the true maximum "gap size" g p as described in Section 5? The best bounds that we have so far are g p ≥ 1 when p ≥ 5 is odd, g p ≤ 3 when p ≡ 1 (mod 4), and g p ≤ 7 always.
4. There are also many other cases where the existence of an s-state p-qubit UPB is unknown, since very little is known about the existence of such UPBs when f (p) < s < (p 2 + 3p − 30)/2 and s is not a multiple of 4 (see Table 3 ). 
